Abstract. The notion of SGCM ideals is introduced as an extension of the known notion of SCM ideals. Some properties of SGCM ideals, which are closely related to SCM ideals in a Gorenstein local ring, are given. It turns out that the SGCM property is retained through the even linkage class in a Gorenstein local ring. Also, we establish the equality of the finiteness dimension of the residue class rings of two evenly linked ideals. Finally, some slight relations between SGCM ideals and CM d-sequences are obtained.
Introduction
The classical notion of linkage goes back to the late 19th and early 20th century when Noether, Halphen and Severi used it to classify space curves in P 3 . The linkage theory has become popular as a result of Peskine and Szpiro [8] , where they reduced general linkage to the algebraic case. One of their observations is to explain certain properties of ideals which are preserved under linkage. Here, we consider the generalized Cohen-Macaulay (GCM) property to investigate some older results in the linkage theory for a wider class of ideals. Notice that GCM rings can be frequently found in algebraic geometry. Indeed, if X is an irreducible and nonsingular projective variety over a field k, then the local ring at the vertex of the affine cone over X is a GCM ring.
In this paper, linkage means the complete intersection linkage which is defined as follows. Suppose that R is a Cohen-Macaulay (CM) local ring, and I and J are two ideals of R. We say that I is (algebraically directly) linked to J (written I ∼ J) if there is an R-sequence x 1 , . . . , x n in I ∩ J such that I = (x 1 , . . . , x n ) : J and J = (x 1 , . . . , x n ) : I. Iterating the procedure, we say that an ideal J is in the linkage class of an ideal I if there are ideals K 1 , . . . , K n such that I ∼ K 1 ∼ · · · ∼ K n ∼ J. If, in addition, n is odd, we say that J is in the even linkage class of I.
Throughout this paper, R is a commutative Noetherian local ring with unique maximal ideal m.
In Section 2, we first give a new proof of the result that linkage preserves the GCM property in a Gorenstein local ring, which is motivated by Peskine and Szpiro [8, Proposition 1.3] . The above result leads us to two consequences. The first one shows that the GCM property of homology modules of the Koszul complex of a Gorenstein ring with respect to some generating set of an ideal I is preserved as one changes I by another ideal evenly linked to I. Indeed, this is a consequence of Theorem 2.4 which shows that the concepts of SCM and SGCM are closely related. However, in Proposition 2.6, we present a linkage class in which every element has the SGCM property. Then we demonstrate by an example that SGCM and SCM ideals are not the same. The second consequence (Theorem 2.12) shows the equality of the finiteness dimension of the residue class rings of two evenly linked ideals.
In Section 3, we present two theorems which establish relations between SGCM ideals and CM d-sequences. As a consequence, it turns out that the complex M(I), introduced by Simis and Vasconcelous (see, for example, [11] and [12] ), is acyclic. Recall that M(I) is a complex with the following properties:
(1) M(I) is graded, and if we let M n be the nth graded piece of
where F is a free R-module of rank equal to the number of generators of I.
(2) There is an isomorphism H 0 (M(I)) ∼ = Sym(I/I 2 ).
SGCM Property and Finiteness Dimension of Evenly Linked Ideals
In this section, we are interested in the questions of how the GCM property and finiteness dimension pass through linkage. Recall that a finitely generated module M over a Noetherian local ring (R, m) is said to be a GCM R-module if H i m (M ), the ith local cohomology module of M with respect to m, is of finite length for all i = 0, 1, . . . , dim M − 1. It is well known (see, for example, [7] and [1, Exercise 9.5.7] ) that if R is either a Gorenstein local ring or a homomorphic image of a regular local ring, then M is GCM if and only if the following conditions hold: (i) dim(R/p) = dim M whenever p is a minimal element of SuppM , and
Suppose that I and J are two ideals of R which are linked by an R-sequence. Then it is well known (see, for example, [8, Proposition 1.3] ) that R/I is CM if and only if R/J is CM. The next proposition, which is motivated by the above result, shows that the property "R/I is GCM" is retained as one changes I by an ideal linked to I. Although a proof of the proposition was given in [9, Corollary 3.3] by using dualizing complex of R and the local duality theorem; for the reader's convenience, we provide a different and simple proof. Proof. We may apply the usual method of argument in the linkage theory to reduce the proof to the case in which I = 0 : J and J = 0 : I with ht I = ht J = 0.
Suppose that R/I is GCM. Since the ideals I and J are linked after localization, it follows from the hypothesis and the above mentioned result that R p /JR p is CM for all p in V (I) \ {m}. From this, it is easy to see that (R/J) p is CM for all p ∈ V (J) \ {m}. Also, we have dim(R/p) = dim(R/J) for all minimal prime ideals p of J.
Next we will use Koszul complexes to introduce the notions of strongly CohenMacaulay (SCM) and strongly generalized Cohen-Macaulay (SGCM). For a sequence x := x 1 , . . . , x n of elements of R, the Koszul complex of R associated to the sequence x is the tensor product of the complexes 0 → R xi → R → 0. We denote the ith homology module of this total complex by H i (x; R). Note that if R is CM, then in view of [3, 7.2] , the CM property (similarly, the GCM property) of the modules H i (x; R) is independent of the choice of a generating set of the ideal I = (x 1 , . . . , x n ). Therefore, we say that an ideal I of R is SCM (resp., SGCM) if the homology modules of the Koszul complex on a set of generators of I are CM (resp., GCM). Henceforth, if there is no ambiguity, we use H i (I; R) to denote the ith Koszul homology module with respect to some fix generating set of I.
In [6, Proposition 1.1], Huneke proved that for an SCM ideal I of a CM local ring R, the ring R/0 : I is CM. The next proposition provides a similar result for SGCM ideals.
Proposition 2.2. Suppose that (R, m) is a CM local ring and let I be a non-zero ideal of
Proof. Since the GCM property (and hence the SGCM property) is stable under completion, we can assume that (R, m) is a homomorphic image of a regular local ring. To prove that R/0 : I is GCM, we only need to verify the conditions (i) and (ii) at the beginning of this section. It is straightforward to check that Ass(R/0 : I) ⊆ Ass R; hence the condition (i) is satisfied. To prove (ii), let p ∈ Supp(R/0 : I)\{m}. Then by assumption, I p is SCM. Hence, by the result mentioned in the paragraph just above the proposition, R p /0 :
In the following lemma, for an ideal I of R, we use r(I) to denote the radical of I.
Lemma 2.3. Let (R, m) be a Gorenstein local ring and I be an unmixed ideal of
Proof. Let a be an ideal which is generated by a maximal R-sequence contained in I and let H l (I; R) be the last non-zero Koszul homology module. Then Proof. In view of Theorem 2.4 and Corollary 2.5, it is enough for us to show that any directly linked ideal to I is SGCM. Let J be a directly linked ideal to I. Then clearly J is unmixed. Since I and J are linked after localization, we see that for all p ∈ V (J) \ {m}, either J p is generated by an R p -sequence or it is linked to an ideal which is generated by an R p -sequence. This implies, in the latter case by [5, Theorem 1.14], that J p is SCM. Hence, by Theorem 2.4, J is SGCM. 2
The following example provides a family of ideals which are SGCM; but not SCM.
Example 2.7. Let (R, m) be a Gorenstien local ring and x 1 , . . . , x n be a system of parameters for R. Let n/2 ≤ i < n and suppose that y 1 , . . . , y i and z 1 , . . . , z i are such that {y 1 , . . . ,
is SGCM by Proposition 2.6; but not necessarily SCM. Indeed, for i < n − 1, we have dim(R/I) = n − i while depth(R/I) = 1.
In the course of the remaining part of the paper, for a finitely generated Rmodule M , we will use the finiteness dimension f m (M ) relative to m. Recall that f m (M ) is the least integer i for which H i m (M ) is not finitely generated. The following lemma, whose proof is straightforward, describes the behavior of finiteness dimension along exact sequences. Lemma 2.8.
Let I and J be two ideals of a Gorenstein local ring (R, m). It is not known whether f m (R/I) = f m (R/J) whenever I and J are in the same linkage class. However, Theorem 2.12 below provides an affirmative answer to the above question in a certain case. To this end, we consider some auxiliary lemmas. (y i+1 , . . . , y n ) and y i+1 ∈ p whenever p belongs to
The following theorem is a partial generalization of Proposition 2.1. 
SGCM Ideals and CM d-Sequences
There are two well known basic exact sequences that we will use in this section. Proof. We may assume (0 : I) = 0. Then (0 : I), the last non-vanishing Koszul homology module of R with respect to a generating set of I, is GCM by assumption; hence f m (0 : I) = dim(0 : I) = dim(R/I) = dim R. By using Lemma 2.8 and the exact sequence in Lemma 3.1(ii) with its notations, we have
Now we establish the main theorem of this section which shows, among other things, that under certain conditions, an SGCM ideal I of R is generated by a CM 
Rx t : I + I for some 0 ≤ i ≤ n. In the sequel, for an ideal I of R, µ(I) will denote the minimal number of generators of I and gr I (R) will denote the associated graded algebra of I. Now we prove a partial converse of the above theorem. Proof. In view of Theorem 2.4 and the hypothesis, it is enough for us to prove that I p is SCM for all p ∈ Spec R \ {m}. By Faltings' Annihilator Theorem [7] , Therefore, by [6, Theorem 2.5], I p is SCM, as required.
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